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Abstract

We derive non-local bivalued probabilities of click or no-click outcomes—
corresponding respectively to detection or no-detection of the particles—
where each of the Einstein—Podolsky—Rosen—Bohm (EPRB) pair of particles is
observed in only one of the (2s5+1) possible spin projection channels. Inthe case
of observations in maximum spin down channels, our results coincide exactly
with those given by Wodkiewicz [3]. We analyse the nature of correlation
between the click—no-click results with the help of non-local conditional
probabilities and information entropies. We observe that the violation of co-
planar BC inequalities is essentially due to stronger correlations between the
click—no-click outcomes in the spin projection channels |A,| = |Ap|. This
observation is also supported by spin transmission Bell inequalitites.

PACS numbers: 03.65.Ud, 03.67.—a

1. Introduction

Quantum entanglement, involving a pair of spatially separated (non-interacting) particles,
described through a non-separable, joint quantum state has been a major source of discussion—
initiated with the famous Einstein—Podolsky—Rosen (EPR) argument [1]—in the conceptual
development of quantum theory. The EPR paper stimulated numerous discussions concerning
the fundamental differences between quantum and classical concepts. It has been realized
[2] that quantum correlations do not obey the classically satisfactory local realistic theories.
Non-locality underlying quantum entanglement has thus occupied the forefront of discussions.
The (EPRB) entanglement involving spin s particles had been analysed by Waédkiewicz [3],
using non-local (analyser dependent) bivalued probabilities of dichotomic variables ‘1’ and
‘0" corresponding, respectively, to click and no-click outcomes at the detectors. Wodkiewicz
[3] employed the spin projection operators P (d), P (b), at the analyser orientations d and b,
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which correspond to click — 1 or no-click — 0 outcomes for the particles, as the statistical
variates and the joint transmission p(a; b) given by

p(a; b) = (Yeprs| P (@) ® P(b)[Veprs) (1)

are identified to be an average3 of the dichotomic variables 1, 0 in terms of non-local bivalued
probabilities. According to local hidden variable theories the joint spin transmissions are
constrained by a Bell type inequality [4]

—1< p@ by +p@; )+ p@:b)— p@a:b)— p@a — pb) <0, )

where @,d’, b, b’ denote four different orientations of the analysers. The spin transmission
Bell inequality of form (2) has been shown [3, 5] to be valid for any arbitrary spin s. However,
the projection operators used by Wodkiewicz correspond to maximum down spin projections of
particles 1, 2, defined with respect to the analyser orientations a and b respectively. Therefore,
the outcomes, namely click (no-click) correspond to detection (no-detection) of the particles,
in the maximum spin down projection channels alone. We emphasize that the non-locality
underlying random bivalued outcomes is not restricted to maximum spin down channels alone.
The bivalued probabilities associated with the random dichotomic outcomes from all the other
possible spin channels exhibit characteristic specific dependences on the orientations of the spin
analysers and hence exhibit non-locality. It would be interesting to analyse how these strange
quantum correlations allow for a smooth transition to the classical domain in the large spin
limit s — oo. Projection A = s cos @, of a classical angular momentum vector of magnitude
s, can vary between —s to +s continuously and the study of statistical correlations between the
measurements of various spin projections of a pair of angular momentum vectors associated
with the EPRB spin-s singlet state provides a framework for understanding the underlying
non-local randomness. The purpose of this paper is to study the non-local correlations between
the random click—no-click results in all possible spin projection channels.

In section 2 we derive the joint distributions of dichotomic random variables
&a, b (€4, & = 1,0), which correspond to the click—no-click outcomes in each of the spin
projection channels A,, Ap. In the maximum down spin projection channel, our results coincide
exactly with those of Wdédkiewicz. The click—no-click results in different spin projection
channels are analysed using non-local conditional probabilities.

We examine the behaviour of the conditional probabilities in the classical limit s — oo.
This analysis helps us to realize that the EPRB non-local click—no-click correlations turn
smoothly into correlations between classical antiparallel angular momentum vectors in the
classical limit.

How much information is revealed by these click—no-click random outcomes? We
address this question in section 3 with the help of Gibbs—Shannon information entropies
[6, 7] constructed using bivalued probabilities. It has been realized [7, 8] that mutual
information entropy serves as a quantitative measure of entanglement. We study the strength
of correlations (using normalized mutual information entropies) in different spin projection
channels A,, A,. We observe that |A,| = |A,| channels record stronger correlations between
click—no-click outcomes. This result reflects itself in the information theoretic Braunstein—
Caves [9] inequalities: Co-planar BC inequalities are violated only for the outcomes in
the channels |A,| = |A;|. Moreover, we show that the spin transmission Bell inequality given
by equation (2) also reproduces the same result. Section 4 contains some concluding remarks.

3 Here, |¥EprB) = ﬁ Zi:ﬂ,(—l)"_}‘lk; —) denotes EPRB entangled spin singlet of two spin-s particles.
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2. Non-local bivalued probabilities for EPRB correlations

We consider projection operators P )'m (@), f’ib (l;) (the indices 1, 2 refer to particles 1 and 2
respectively) corresponding to different spin projections, A4, A, = 5,5 — 1, ..., —s, along the
analyser orientations a, b, given by

P} (@) = |a, o) (@, Al

R (3)
P)\b(b) = |ba )\-b><b?)‘-b|
Here, |a, Ay), |ZJ, Ap) denote the rotated spin states:
N
1. ha) = R(¢ar 0. )z k) = Y D5, ($a.0a. 0)]z. A1),
M=—
“)

1b. 3o} = R(@p. 0. 0)[z. ) = Y D5, ($a.6a.0)lz. Aa),

Ar=—s

where |z, A1), |z, A2) denote the spin states with a common laboratory z-axis as the quantization
axis; D*(«, B, y) denotes (25 + 1)-dimensional irreducible representation of rotations and
o, B, v are the Euler angles of rotation [10].

The bivariate characteristic function [11], with the projection operators P i (a) and Isih (l;)
as statistical variates, is defined by the quantum mechanical average

D (rasrp) = ((eiﬁ;a(a)ra ® eii’ib(z})rb)) —Tr [ﬁ(eiﬁgu @r g eilsfh(i;)rb)]’ (5)

where p = |Y¥gprB) (¥Epre| 1S the density operator characterizing the EPRB spin-s
correlations. From equations (3) and (4) it can be observed that

P} (@) = R($a. 0. 0) P} ()R (¢4, 64, 0),

D2 (7 > D2 Dt (6)
P, () = R(¢y. 0. 0) P, ()R (9. 6. 0),

where 1310 (2) = |z, M) < 2, Ay| and ﬁ%b (z) = |z, Ap) < 2, Ap|. Substituting equation (6) into
equation (5) we get
¢ (ras 1) = Tr [H(R(¢as 0, 0) PO R, 6, 0))
® (R(@p, 05, 0) 5O RT (¢, 65, 0)) ]
= Tr[(R'@, b)pR(@, b)) (7@ @ &% @)

AL L P A iPl (o) ip? p
= ) (R@DPR@. )iy (€ D), (€77, . @
}»1.)»2.)»,1.)»’2:—5
where we have made use of the property of the direct products, AB® CD = (A® B)(C ® D)
and the cyclic property Tr(AB) = Tr(BA) of the traces. Here, R(a,b) = R(¢,,0,,0) ®
R(¢p, 0y, 0). Further, making use of the property P2 = P of the projection operators, we get

iP! (o, _ i,
(e ra H)MM = (SA’IA] +8)J1A,,8A1Aa(e «— 1),

(®)

iP? (z i
(G )rb)xz,vz = Singy + 03,0000, (€ — 1.
Substituting equation (8) into equation (7), we obtain, after rearranging the terms,

Gars) = Y P, (Earep) o), ©)

£q,6p=0,1
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where the characteristic function ¢ (r,, rp) is cast in its standard statistical form [11] and
77;{“ " (&4 €b), €4, &» = 0, 1, are the bivalued probabilities

Py (LD = (R'@, )pR@. b)) i,

s
P (1.0) = > (RU@.D)pR (. b)), syi0,0, — (RY(@. DYPR@. D)1, 50,0,

)\2=—S

P, 0. ) = Y (R'@.5)pR(E. b))1,1,:00, — (R (@, D)PR(@G. D)) 150,

Aj=—s

P55, 0,00 =1— 3" (R'@.D)pR(@G. D))z, — Y (RY@G. D)PR@. 5))s i,

A=—s A=—s
+(RY@, B)PR(@, B))y10r- (10)
We identify that [12]
P . - 1
(RY(@, B)PR (@, b)) 32y 000 = (@ Das by 2| Ypra) 1> = T 6up)? (11)

where d* (0,5) denotes rotation about the y-axis, which is perpendicular to the plane containing
G and b; 0, is the angle between a and b. Now, one can obtain, with the help of the unitarity
of d matrices,

1
Pt _
AZ (R'@ DORG D) = Gy +1) Z ERCAIE 5T
== - (12)
N 1 , _ 1
Mg;y(R (@, b)PR(@, D)3 ppiiuis = G5t D) A;S >, ;. (Qah)| REGTEETS

Substituting equations (11) and (12) into (10), the bivalued probabilities assume a simple
form:

Py D) = ——d, (O

1
2s+1)
P, (L0 =75, (0,1) =

Gy (= e @) (13)

P}, (0,0) = (@s—D+d,, , 6an)).

Q2s+1)

Note that the bivalued probabilities are non-local (analyser dependent) and correspond to the
following situations:

(i) both the particles are detected (¢, = 1, &, = 1),
(i1) only particle 1 is detected (¢, = 1, &, = 0),
(iii) only particle 2 is detected (¢, = 0, &, = 1),
(iv) both the particles are not detected (e, = 0, g, = 0),
and this detection is confined to the spin projections A,, A, of particles 1, 2 respectively®.

It can be readily verified from equation (13) that the probabilities Pim(su, &p)
are normalized i.e., Zs,,,s;,:O,l P; 5, (€a> &) = 1. The marginal probabilities P; (g,) =

4 The no-click at the detectors indicate several other possibilities of detection channels available for the particle than
the one under observation.
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Z Pi,kb (&4, &p) and P;b (gp) = Z P{“,\b (&4, €p) are given by
£,=0,1 £,=0,1

P () = ! =P, P;,(0) = Gl P;,(0) (14)
KD T T B

and they correspond to yes or no events for the isolated observations on each of the particles.

We observe that these marginal probabilities are independent of the detection channels A, A,

and coincide exactly with the single folded distributions of Woédkiewicz [3].

Py, EarEn)
P;, (€b)
outcome &, = 1,0 (yes or no) in the channel X, for particle 1, under the condition that
particle 2 has given rise to the result &, = 1 or O (yes or no) in the detection channel A;, and

are given by

The conditional probabilities P; ; (eqlep) = give the probability of the

N N 2
Py D =5, 5 (O]

1
Pia, (10 = (1= [d*,, ;, @)[)

) . 5 (15)
P}, O = 1= d; ; (6ap)]
S 1 s 2
P 010) = (@25 = D+ [d2,, 5, @ar)|")-
Observing now that d5_ (0,) = (—1)*(sin 9“7’“)2‘?, we obtain the following conditional
probabilities:
. eab N 1 . eab N
oD = — F_10)=—1|1- —_—
P _(1]1) (sm 3 > P (1]10) % |: (sm 5
‘ ‘ (16)
5 . Qab o ¢ 1 . Qab »
PL_(0[1) =1—{sin— Pr_0]0) = — | (2s—1)+|sin— ,
2 2s 2
for the bivalued outcomes in the maximum spin down channels i.e., for A, = A, = —s. It can
be readily verified that the conditional probabilities given by Wdédkiewicz [3] agree with the
above results. For the spin channel A, = s, A, = —s, the conditional probabilities are given
by
P (1) AN P10y =~ |1 AN
= | COS — = — — | COS —
—5—=5 2 —5—S 2s 2
a7

) 91117 4s . 1 eab 4s
PL_O]1) =1—|cos — PL_0]0) = — | @2s—1)+|cos — ,
2 2s 2

where we have used d* | _ (0,) = (cos 9“7’7)%.
We further note that as a result of the symmetry [10] df , = (=D ™d] , =
(=) —egs i of the d matrices, our bivalued conditional probabilities obey the following

properties:
P, (E€alen) = P35 (ealen) =P, 5, (alen) =P, 5 (ealen). (18)

This immediately tells us that the results of measurements in the spin projection channels
(Aas 2p), (Apy Ag), (—Ag, —Ap) and (—A,, —A,) are all identical.
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Figure 1. Conditional probabilities of the bivalued outcomes in the spin projection channels
Aa =8, Ap = s, as a function of the analyser orientation angle 6, for different spin values. Curve
a: spin-%, curve b: spin-1, curve c: spin—% and curve d: spin-2.
We have plotted the conditional probabilities P?. (g4]e5) for spin values s = 1,1, 3,2
and P, (&4 lep),> for spin values s = 1, 2, 3, 4, as a function of the angle 6,,;, in figures 1-3.
We observe from figures 1 and 2 that as the spin value s increases, P}, (1]0) tends to 0
(see figures 1(b) and 2(b)) and P}, (0|0) tends to 1 (see figures 1(d) and 2(d)) for all angles
0., indicating that in the classical limit s — oo, the click and no-click outcomes for particle 1
in the spin channels (A, = s, A, = =s) are, respectively, 0% and 100% certain, when particle
2 has been realized to register a no-click result. Further, it is clear from figures 1(a) and (c)
that in the classical limit s — oo

5 _ o for all angles 6,,, # 180°,
Py, (1) = {1 for 6,, = 180°;

< L for all angles 6,;, # 180°,
Py, OID) = {O, for 0,;, = 180°;

indicating that when particle 2 registers a click in the channel A, = s, particle 1 always
registers a no-click result and never gives a click outcome in the A, = s channel, for all the
range of analyser orientations except for the anti-parallel orientation namely, 6,, = 180°. A
perfect correlation (P: (1|1) — 1 for anti-parallel analyser orientations) is realized in the

> We have calculated Pio(€alep) using dy; (Oup) = (- */S—zlj(cos 9"7” sin %)“ in equation (15).
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Figure 2. Conditional probabilities of the bivalued outcomes in the spin projection channels
Aa = §,Ap = —s, as a function of the analyser orientation angle 6, for different spin values.
Curve a: spin-1, curve b: spin-1, curve c: Spil’l-% and curve d: spin-2.

bivalued click—click outcomes only for the anti-parallel orientation in this limit. However, for
the spin projections (A, = s, A, = —s) we have (see figures 2(a) and (c))

5 _]o for all angles 6,;, # 0°,
Ps—s(lll) - {1 fOI' 94,, _ OO,

5 1 for all angles 6,,, # 0°,
Ps—s(oll) - {0 fOI' eab — OO;

in the classical limit s — oo. In other words, when particle 2 registers a click in the channel
Ap = —s, the no-click (click) outcome is always (never) realized for particle 1 in the channel
Aq = s, for all the range of angles except for 6,, = 0°. But for parallel analyser orientations
0., = 0° one realizes that there is always a click outcome and never a no-click outcome for
particle 1 (under the condition that particle 2 has registered a click result), revealing a perfect
correlation between the particles in the classical limit.

In the limit s — oo the conditional probabilities in the A, = s, A, = 0 channels are given
by (see figure 3)

P01 =1 =P;,(0|0) 0(110) =0 =P (1[1)

i.e., irrespective of the ‘yes’ and ‘no’ conditional outcomes in the channel A, = 0 there is a
definite ‘no’ answer in the A, = s channel for all the analyser orientations 6,;. In other words,
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(b)
0.5 0.5 T
0.4 04+ |
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Figure 3. Conditional probabilities of the bivalued outcomes in the spin projection channels
Aa =8, &p = 0, as a function of the analyser orientation angle 6,,;, for different spin values. Curve
a: spin-1, curve b: spin-2, curve c: spin-3 and curve d: spin-4.

one can never find particle 1 with spin projection A, = s when particle 2 is found in A, = 0,
in the classical limit s — oo. (Note that for finite spin values, this result is not valid and the
conditional probabilities in figure 3 are non-local functions of the analyser orientations 6,;.)

In the limit s — o0, the above results reflect the perfect correlation between pairs of
classical anti-parallel angular momentum vectors and restore the validity of local hidden
variable theories for the analysis of click—no-click outcomes in the classical limit.

3. Information theoretic aspects

Considerable interest has been evinced recently [3, 7, 9, 14—-17] in investigating quantum
correlations using information theory. In this section we intend to examine how much
information is contained in the bivalued click—no-click-measurements in various spin
projection channels.

We construct Gibbs—Shannon joint information entropies (in bits) [3, 7] using the bivalued
probabilities derived in section 2:

H(P; (@), P, (1;)) =— Z P; 5, (Ea> €) 102y Py 5 (84 €5)- (19)
€a.6p=0, 1
The information contents H (ﬁ i (5)) and H (P/Z\,, (Z))) carried independently by the observables
P! (@), P3,(b) are given by
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1 T 1 T
a
Iss (Hab) Is—s (Hab)
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R SRR S NN\ A PRk
0 > - 0 :
0 90 180 0 90 180
Ha(, Hab
()
0.3 T
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Is(] (gab)
0.1
. d ‘. B
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lgab

Figure 4. Information theoretic index of correlation as a function of the analyser orientation angle
Oqp for different values of spin. In (a) and (b), curve a: spin—%, curve b: spin-1, curve c: spin—%
and curve d: spin-2. In (c), curve a: spin-1, curve b: spin-2, curve ¢: spin-3 and curve d: spin-4.

The detection channels are confined to A, = 5, A, = —s in (b) and A, = s, A, = 0 in (c).
pl = X X 1 (ZS)ZX
H (P)»u (a)) == Z P)»u (8a) 10g2 7))"(4 (ea) = _2s +1 10g2 (2s + 1)25+1 ’
£,=0,
| 25)% e
A - s P S
H(P} (b)) =— Y P} () log, P}, (1) = —5 7o s
&,=0,1 - -

where we have used equation (14) for marginal probabilities Pia (e,) and P;b (¢p). Note that
these marginal information do not depend on the analyser orientations and give rise to the
same information in all the spin projection channels. .

The conditional information entropy H (P 1, @) | f’%h (b)) gives the information carried by
the random click—no-click results (i.e., measurement of the projection operator P i (a) ) under
the condition that a click (no-click) outcome has occurred in the measurement of P ib (l;), and
is defined through

H(P} @|P},0) =~ > P, (e e)10g, P, (ealen)

£q.6p=0,1

= H(P} @), P}, (b)) — H(P (b)) @1
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@ v ®)

(©)

Figure 5. Information difference H(«) for different values of spin. Curve a: spin—%, curve b:

spin-1, curve c: spin—% and curve d: spin-2 in (a), (b) while curve a: spin-1, curve b: spin-2,

curve ¢: spin-3 and curve d: spin-4 in (c).

Figure 6. Information difference H(«) for spin-1 bivalued outcomes from the detection channels
A =0,1p =0.

The mutual information entropy [ (13 ,1\ (@), 13,2\b (l;)), i.e., the average information carried in

common by the measurements of IA’L (a) and Pib (l;), is given by

1(P} (@), P2, (b)) = H(P})+H(P3) - H(P) @), P} (b)) (22)
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Figure 7. Information difference H(«) for spin-% bivalued outcomes resulting from different
detection channels: in (a) A, = %, Ap=Lin®) = %, Ap=—1in()r = %, o = % and
in(d) g =10 =-1.

Since the information entropies depend only on the angle 6,, between the analyser orientations,
we will suppress writing @ and b in these quantities from now on.

It has been realized [7, 8, 15] that the mutual information entropy serves as an information
theoretic index of correlation. In order to construct a normalized information theoretic index
of correlation based on our bivalued outcomes, we note that the joint information entropy
defined in equation (19) satisfies the modified [7] Araki—Lieb inequality®,

H (P3,) (or H (P},)) < H (P, P7: 0u) < H (P,) + H (P}) (23)
which leads to the following bounds for the mutual information entropy:
— log, G ,

2s + 1 (25 + 1)1
by making use of the explicit form for marginal information given by equation (20). Thus, an

index of correlation 0 < I, 5, (8,5) < 1 may be defined by normalizing the mutual information
entropy:

0< I (P}, P;:0u) < (24)

1(P} . P37 :0u) H (P} . P} :0u)
Ly Oap) = — oy T2t T o (25)
— 2547 108, G 5541 102 Fyrpye

© In the case of measurements of quantum observables A and B, belonging to subsystems 1 and 2 of an entangled
system, the information entropy H (A, B) satisfies [7] the modified Araki—Lieb inequality: max(H (A), H(B)) <
H(A, B) < H(A) + H(B). In our case, H(A) = H(B) and the inequality gets simplified further.
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T /\ T
-1.8 = -1.8 /A
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-1.95 - B -1.95 - —
921 L 2.1 .
0 90 180 0 90 180
« «
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T
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21 :
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«
U -
1k
He)
2+
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Figure 8. Information difference H(«) for spin-2 bivalued outcomes resulting from different
detection channels: in (@) Ay, =2, A, = 1;in(b) Ay =2,Ap = —1;in(c) Ay = 1, A = 0; in (d)
rM=Lrx=Lin(e)h, =1, = —landin(f) A, =0, A, = 0.

In figure 4 we have plotted the correlation index I (6,) for the spin values s = 5, 1, %, 2
and I,0(6,p) fors = 1,2, 3, 4.

It could readily be observed that in the A, = s,X;, = s channel, the correlations
between the click—no-click outcomes grow stronger—with the correlation index approaching

the maximum value 1—as 6,;, — 180°, i.e., when the orientation of the analysers becomes

1
2
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0.2

-0.2

-0.4

BSS(O‘)O.G ; ...

Figure 9. The Bell difference B(«) of spin transmissions for different values of spin. Curve a:
spin-1, curve b: spin-1, curve c: spin-% and curve d: spin-2 in (a), (b), while curve a: spin-1,

curve b: spin-2, curve ¢: spin-3 and curve d: spin-4 in (¢) and (d).

0.2 T

I
0 90 180
o

Figure 10. Bell difference B(«) for spin-1 bivalued outcomes from the detection channels
e =0,1, =0.

nearly anti-parallel, whereas in the 1, = s, A, = —s channel, the correlation index attains its
maximum value 1 for 6,, = 0°, i.e, when the analysers are parallel. Note that the index of
correlation is less than 0.3 and indicates that the correlation between the bivalued outcomes
in the A, = s, A, = 0 channel is quite poor.
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Figure 11. Spin transmission difference B(«) for spin- % bivalued outcomes resulting from different
detection channels: In (a) A, = % Ay = %, in (b) Ay = %, Ap = 7%, in(c) kg = %.)»b = % and
in(d)ra =30 =—-1.

Information theoretic Braunstein—Caves (BC) inequalities [9] involve conditional
information entropies H(A|B) and dictate that the subsystem observables (denoted by A
and B) of any entangled system can carry information in accordance with

H(A|B) H(A|B)+H(A|B)+H(A|B) (26)
so as to be consistent with locaAll realistic theories. It has been observed [9] that correlations

between the spin components 51 -a, 52 -bof subsystems 1 and 2 of a EPRB spin singlet state
violate BC inequalities. We would like to investigate the click—no-click outcomes in various
possible spin projection channels with the intention of isolating the correlations that lead to
violation of the BC inequality.

For the bivalued outcomes resulting from the spin projection channels A, and 4, the BC
inequality has the form

H, 5, Oap) < Hyp, Ouy) + Hyp, Owry) + Hyz, Oup), (27)

where we have expressed the conditional information entroples through H(f’i | ﬁi ; Gab) =

Hj,1,Oap) for simplicity. Here, the angles 6,, = cos™'( - b), Oy = cos~'(@ - b), Oy

’1( b yand 6, = cos~ ! (@’ - b) correspond to four dlfferent orientations of the analysers.
For the special case when the successive vectors a,b.,a, b are coplanar and are separated by
anangle o (e, d-b' =ad b =ad -b = cosa and G - b = cos3a), the BC inequality is
violated if

Hiip (@) = H,y 3, (3a) — 3H,,5, (@) (28)

is positive. We have plotted H,, (o) for spin values s = 7 L ; 2and Hp(a) fors = 1,2, 3,4
in figure 5. We note that the bivalued correlations in the Ay = 5, Ap = 0 channels do not
violate the BC inequality. To get further insight into this observation we have plotted H,,, kb ()

for all the channels—other than the ones already considered in figures 5—when s = 1,2 32,
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Figure 12. The Bell difference B(«) for spin-2 bivalued outcomes resulting from different
detection channels: in (a) A, =2, A, = 1;in(b) 1y =2,Ap = —15in(¢c) 1y = 1, A, = 0; in (d)
rM=Lrxp=1Lin(e), =1, 4, =—1landin (f) A, =0, A, = 0.

in figures 6-8. We note that the BC inequalities are violated only when |A,| = |A;]. In
other words, the bivalued correlations in the |A,| # |A;| channels appear to be classical in
nature.

Local realistic theories predict that the spin transmissions satisfy the Bell type inequality
given by equation (2) and it has been shown [5] that this inequality is violated for all values
of s, even though the strength of violation reduces with increasing spin value s. We identify
that the violation of inequality (2) is verified only for spin transmissions in the maximum spin
down channels. Noting that the quantum mechanical spin transmissions of equation (1) are
given by

p@.by= Y P;, (eaep)eats, =P} (1. 1),

&a,6p=0,1
> s s 1
pla) = Z Py (Eas €0)€a = P (1) = 25 + 1 (29)
€a,6p=0,1
- 1
b = s as = A 1 =51
p( ) Z PAL,K[, (8 8};)8}7 P)\h ( ) 2S +1

€a,€p=0,1
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we are in a position to explore the validity of the Bell inequality (2) for quantum mechanical
spin transmlsswns in VaI‘lOUS poss1ble channels Aa, Ap, (=8 < Ag, Ap < ). For the co-planar
geometry (a - b =ad -b=a-b=cosaandd-b = cos 3a) we express the Bell difference
of spin transmissions as

B; ,, (@) =3p(a) — p(Bar) — a1 (30)
so that inequality (2) assumes the form
—-1<B;,;, (@) <0. (31)

In figures 9-12 we have plotted the Bell difference Bj ; () of spin transmissions in
various channels we had analysed in connection with the information theoretic co-planar
BC inequalities. Interestingly, the violation of spin transmission Bell inequalities indeed
support the result realized through the information theoretic BC inequalities, namely, only
the spin channels |\,| = regard, therefore, the
information theoretic BC inequality (27) and the Bell inequality (2) are equivalent’.

4. Conclusion

We have generalized the work of Wédkiewicz [3] and studied the bivalued click or no-click
outcomes—resulting from a EPRB spin-s singlet state—in different spin projection channels
Aa> Ap. This study provides a framework for the analysis of non-locality underlying EPRB
correlations. In the case of observations in maximum spin down channels, we have shown
that our results agree with those of Woédkiewicz [3]. We have analysed the information
theoretic aspects of click—no-click results using Gibbs—Shannon entropies. This leads us to
the observation that the coplanar BC inequalities are violated for the bivalued correlations
only in the |A,| = |A,| channels. We have also verified that the violation of the coplanar spin
transmission Bell inequality indeed reflects the non-classical nature of the bivalued outcomes
in the spin channels |X,| = |Ap]|.

Acknowledgments

We thank the referees for their useful suggestions in the light of which the paper is revised.

References

[1] Einstein A, Podolsky B and Rosen N 1935 Phys. Rev. 47 777
[2] Clauser J F and Shimony A 1978 Rep. Prog. Phys. 41 1881
[3] Wadkiewicz K 1995 Phys. Rev. A 52 3503
[4] Clauser J F and Horne M A 1974 Phys. Rev. D 10 526
[5] Wodkiewicz K 1992 Santa Fe Workshop of Foundations of Quantum Mechanics ed T D Black et al (Singapore:
World Scientific) p 276
[6] Wehrl A 1978 Rev. Mod. Phys. 50 221
[7] Barnett S M and Phoenix S J D 1991 Phys. Rev. A 44 535
[8] Usha Devi A R 2000 J. Phys. A: Math. Gen. 33 227
[9] Braunstein S L and Caves C M 1988 Phys. Rev. Let. 61 662
[10] Rose M E 1957 Elementary Theory of Angular Momentum (New York: Wiley)
[11] Feller W 1968 An Introduction to Probability Theory and Its Applications vol 1 (New York: Wiley)

7 Both these inequalities involve statistical averages of spin irreducible tensors of higher ranks (i.e., higher order
spin alignments) [5] not only averages of vector operators that are involved in the standard spin correlation Bell
inequalities, valid for spin % particles.



Bivalued probabilities 2541

[12] Mermin N D 1980 Phys. Rev. D 22 356

[13] Rosen N 1994 Am. J. Phys. 62 109

[14] Cerf N J and Adami C 1997 Phys. Rev. A 55 3371

[15] Horodecki R 1994 Phys. Lett. A 187 145

[16] Horodecki R and Horodecki M 1996 Phys. Rev. A 54 1838

[17] Boumeester D, Ekert A K and Zeilinge Ar (ed) 2000 The Physics of Quantum Information (Berlin: Springer)



